TWO INSTANCES OF FAKE MINIMAL FANO 3-FOLDS II.
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ABSTRACT. In section 1 we show that differential operators L,® of type D3 annihilate
periods for two pencils of hypersurfaces 1 — ¢tf, = 0 in 3-torus given by levels of Laurent
polynomials f,,, in particular L,, are of Picard—Fuchs type. However these operators are not
associated to any Fano threefolds of first series. in section 2 we prove that they annihilate
regularized G-series (generating functions for 1-point Gromov—Witten invariants) of two
Fano threefolds of degrees 28 and 30 with second Betti numbers 2 and 3, so they indeed
come from symplectic geometry of Fano threefolds. In section 3 we demonstate the mirror
symmetry between two deformation classes of smooth Fano threefolds Yag,Y3¢ from section
2 and two Laurent polynomials fi4, f15 from section 1.

Let ¢ be a coordinate on 1-dimensional torus 7' = Spec C[t,¢!] and D = t%.

Definition 0.1 ([I1]). Operators of type nD3 is a family of linear differential operators

(0.2)  Lv, o b barbs) = D? —t-b;D(D+1)2D 4+ 1) —t*- (D + 1)(boD(D + 2) + 4bs)—
— 2 by(D+1)(D+2)(2D + 3) — t* - bs(D + 1)(D + 2)(D + 3)
with parameters b,".
Operator L, of type nD3 has a unique power series solution Fj with initial condition
Fb(O) =1:

¢ 3
(0.3) F, = 1+b3§+(5blb3+2b4)§+...

We consider two particular operators L,, of type nD3 (from [I3, 1]):

(0.4) Lia = L1,59,16,68,80)
(0.5) L5 = L1,43,12,78.216)-

with solutions

(0.6) Fuiy(t) = 14 8t + 24¢° + 240t* + 1440t° + 11960¢° + 89040¢™ + . ..
(0.7) Fis(t) = 14 6t + 24¢° + 162t* + 1080t° + 7620t° + 55440t" + ...
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1Original definition has the other basis ag1, ao2, ao3, @11, a2 for parameter space A®. Bases a and b are
equivalent over Z: by = aq1, ba = a12 + 2ap1 — a%l, bs = agp1, by = age — apra11, by = aps — a%l; ap1 = bs,
ao2 = by + bibs, ags = bs + b3, a1 = by, arp = by — 2b3 + b3
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1. LAURENT POLYNOMIALS

Consider the Laurent polynomials f,:

11 1 1 1
(1.1) Ju=zr+y+tz+—-—+-+-t+ry+—+v2+—
r oy =z xy Yz
11 1 =z y =z
(1.2) fis=x+y+et—+-+-+=+=+>
r Yy z Yy z
Proposition 1.3 (Dutch trickcor Utrecht trick, see e.g. [I4]). Let w = HZ:I Zﬁf’;k be a
logarithmic volume form on the torus X = (C*)? = Spec Clzy, 27", -+ ,xq,7;']. For Laurent
polynomial w(zx) € C[X]| define reqular constant term series as G (t) = f\x-|:1 o =

Zk>0 < w* > t*, where < u > is a constant term of Laurent polynomial u. Let w, =

Resi_qw—01"= be a fiberwise residue of *—. Then G, (t) is a solution to Picard-Fuchs

equation for the pencil of hypersurfaces 1 — tw(x) = 0 equipped with volume form form wy.

Theorem 1.4. For n = 14,15 we have Gy, = F,. In particular, differential operators L,
are Picard—Fuchs differential operators for level families 1 —tf, = 0 of Laurent polynomials

Jn-

The proof is straightforward once one knows the formulation: functions G, satisfy some
differential equation, and each coefficient of Gy gives a linear relation for coefficients of the
differential equation.

2. FANO VARIETIES

2.1. Introduction. An important symplectic invariant of Fano variety Y 2 is its reqularized
G-series RGy € Q[[t]] (see ). If YV is a Fano threefold of first series then RGy is the
unique analytic solution of the unique linear differential operator Ly from 5-parametric
family nD3 2 with the initial condition RGy(0) = 1. In [I1] Golyshev specified 17 points
in the parameter space of D3’s that correspond to Fano threefolds of first series. He pointed
out to me two other interesting differential operators 04 and 0@ in family nD3. These

equations are also listed in [[]. In [I3] Lian and Yau realized Fi4 and Fi; as periods for two
families of K3 surfaces. In the first chapter we find Laurent polynomials fi4(z1, e, x3) and
fi5(w1, w2, 23) such that F,, = ﬁ f|x,<|=1 1j€fn dxl;\li“fx/;d“ i.e. we realized F), as periods of

hypersurfaces 1 — tf, = 0 in 3-dimensional torus Spec Clzy,z] ", 2, 75", 3, 25']. Laurent
polynomials f,, are associated with the singular toric Fano 3-folds X5, that admit smoothing
Y5, in the unique deformation class. In this article we prove that F), coincides with RGY,,:

Theorem 2.1. Series RGys,, is annihilated by differential operator L,,: RGy,, = F,.

We note that Fano threefolds Yag and Y34 are not of first series (bo(Yag) = 2 and by(Y3g) =
3), but nevertheless they turn out to be quantum minimal: the minimal degree in D of
differential operators annihilating their RG-series is 3, and not naively expected 4 and 5.

2 Fano variety is a smooth variety Y with an ample anticanonical line bundle det Ty-. Fano threefold Y is
said to be of first series if its second Betti number is equal to one: by(Y) = dim H?(Y,Q) = 1. Iskovskikh
shown that there are exactly 17 deformation classes of such varieties, and his classification was redone with
different methods by Mukai and Ciliberto-Miranda-Lopez. We refer the reader to the textbook[l?] for the
details on algebraic geometry of Fano threefolds.
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2.2. G-series. Take D = t% where t is a coordinate on one-dimensional torus T =
Spec C[t, t71].

Let x be quantum multiplication on cohomologies of Fano variety Y.

Define quantum differential equation as a trivial vector bundle over T with fibre H*(Y)
and connection

(2.2) DO = cy(Y) % ®

where ®(t) € H*(Y).

Let Gy (t) = [pt] + 3,5, G™¢" be the unique power series solution of 272 with initial
condition Gy (0) = [pt], where [pt] € H?*¥™Y (Y, Z) is the cohomology class Poincare-dual to
the the class of the point. Define series

(2.3) /gy —1+Zgn

and

(2.4) RGy(t) =1+ Zgn Y)nlt"

n=1
Remark 2.5. String equation implies g, (Y) = 0.

Proposition 2.6 ([I1]). If Y is Fano threefold of first series then RGy is annihilated by
unique normalized differential operator of type D3.

Let M = My (Y, ) be the moduli space of stable maps ¢ : (C,p) — Y from rational
curves C' with marked point p to Y of degree ¢.[C] = 5 € Ha(Y,Z), 11 be the first Chern
class of the tautological line bundle on M, and ev; : M — Y be the evaluation map

€U1(¢7 Ca p) = ¢(p> S Y7

Consider Givental’s J-function

a; z
2.7 vy (ts; tlz )
27 DI 3 Lt =5

where D; is a base of H*(Y,Z) and ¢,(Y) = Y_ a;D
Next proposition is a corollary of Givental’s theorem that relates solutions of quantum
differential equation and J-function.

Proposition 2.8. G-series equals to the fundamental term of Givental’s J-series:
GY:/ Jy(ti:t“i,z:l)u[pt].
[Y]
2.3. The threefolds. Define degree of Fano variety Y to be its anticanonical degree

deg(Y) — (_Ky)dimY — / Cl(Y)dimY,
[¥]

Euler number as topological Euler characteristic x(Y') = f[Y} Caimy and Picard number p(Y')

as tk H*(Y,Z).
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2.3.1. Degree 30.

Definition 2.9. Fano threefolds Y3y are blowups of a curve of bidegree (2,2) on W, where
W be a hyperplane section of bidegree (1,1) of P? x P2 C P®. This deformation class of
varieties has number 13 in table 3 of [I4], it has degree 30, x = 8 and p = 3.

Proposition 2.10. Y3q s a complete intersection of three numerically effective divisors of
tridegrees (1,1,0), (1,0,1) and (0,1,1) on P? x P? x P2,

Description 210 shows that Y3y is a complete intersection of sections of numerically ef-
fective line bundles in a smooth toric Fano variety. This allows us to compute G-series Gy,
using Givental’s theorem [I0].

So Gy, is given by the pulback of hypergeometric series from three-dimensional torus

-3t (a+0)la+ )b+ oipre 2 5 | 27 4 5
(211) Gy =€ > WEAERE t =136+ 47+ S 9

a,b,c=0

2.3.2. Degree 28.

Definition 2.12. Fano threefolds Ys5 are blowups of a twisted quartic on a 3-dimensional
quadric ). This deformation class of varieties has number 21 in table 2 of [I4], it has degree
28, x =6 and p = 2.

Realize ) as a linear section of 4-dimensional quadric Gr(2,4) C P5 parametrizing lines
in P2, Let U be the universal vector bundle of rank 2 on Gr(2,4), and Og,(1) = det U* be
the ample generator of Picard group on this Grassmannian.

Proposition 2.13. Consider a generic section of rank 5 vector bundle (U* @ Opa(1))®% @
Ogar(1) on the 8-fold Gr(2,4) @ P*. Then it is a smooth Fano threefold from deformation
class of Yaog.

Consider abelianization for Yag: a complete intersection Asg in P3 x P3 x P* of line bundles
O(1,0,1) twice, O(0,1,1) twice and O(1,1,0).

J-series of Yo (and hence G-series Gvy,,) can be computed using abelian/non-abelian
correspondence [3, 4] of Bertrand, Ciocan-Fontanine, Kim and Sabbah:

Proposition 2.14. Gy,, equals e times coefficient at Hy of

Z ta1+“2+b.g(a1 +b, Hi)?g(ag + b, Hy)*g(a1 + ag, Hy + Ha)
g(ay, Hy)*g(az, Hy)*b!

(a2—ay+(Ho—Hy))(—1)%2~m

ai,a2,b>0

where g(d, D) = d!- (1 + hyD) is approzimation of I'-function, hqy = Z?Zl % is the harmonic

number, and Hy, Hy are positive generators of H?(P3,Z) pulled back to H*(P* x P3,7Z) by
two projections.

S0 Gyyy = 14 4% + 483 4 10¢* + 1265 + 2246 4 .
We'll present a detailed proof of these computations in [6].
Denote the G-series of Y5, as G, = Gy, .

3. TORIC DEGENERATIONS AND MIRROR SYMMETRY

Definition 3.1 ([I5]). Let Gy(t) = 1 + go(Y)t* + ... be the G-series of Y. Laurent
polynomial w is said to be mirror for Y if general element of pencil 1 — tw(z) = 0 is
birational to Calabi-Yau variety and Gy (t) = G, (?).

Remark 3.2. In particular constant term of w is zero.
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Definition 3.3. For toric Fano variety X let A(X) be its fan polytope. For lattice polytope
A let P be the toric Fano variety with fan polytope A. Define vertex Laurent polynomial
wa as sum of all monomials corresponding to the vertices of A:

(3.4) wa = Z z’

veVertices(A)

For Laurent polynomial w let A(w) be its Newton polytope and define P(w) = Pa(w)

Theorem 3.5 (Mirror construction for smooth toric Fano varieties [10]). If variety X is a
smooth toric Fano variety then wa(xy is a mirror for X.

Definition 3.6 (Small toric degeneration [?]). Assume X is a toric Fano variety that admits
only terminal Gorenstein singularities. We say that X is a small toric degeneration of smooth
Fano variety Y if there exists a flat projective morphism to irreducible curve 7 : X — C', such
that X and Y are isomorphic to some fibers of 7, and the restriction map Pic(X) — Pic(X};)
is an isomorphism for all ¢t € C.

Conjecture 3.7 (Small toric degeneration hypothesis [2]). If X is a small toric degeneration
of smooth Fano variety Y, then wa(xy is a mirror for'Y.

Theorem 3.8 ([8]). For n = 14,15 toric Fano variety P(f,) have terminal Gorenstein
singularities and 1s small toric degeneration of smooth Fano threefold Ys, in the uniquely
determined deformation class (number 2.21 and 3.13 in [I4]).

Combination of theorems 4 and -1 implies

Theorem 3.9. Forn = 14,15 Laurent polynomial f,, is a mirror for family of smooth Fano
threefolds Yo, .

Acknowledgement [ am acknowledged to Vasily Golyshev for pointing my attention to
equations 4,03 and the perfect food I've got in IHES, to Bumsig Kim for teaching me
“abelianization” trick during my stay in KIAS, and to Duco van Straten for the time we’ve
spent in Johannes Gutenberg University. I've learned about threefolds Y55 and Y3y from
Ivan Cheltsov in THES and from Costya Shramov during his visit to Mainz. This update
is provoked by and should be considered a part of our collaboration [6] with Tom Coates,
Alessio Corti, Vasily Golyshev and Al Kasprzyk.

REFERENCES

[1] G.Almkvist, C.van Enckevort, D.van Straten, W.Zudilin, Tables of Calabi-Yau equations,
arXiv:math/0507430.

[2] V.Batyrev, Toric Degenerations of Fano Varieties and Constructing Mirror Manifolds, Collino, Alberto
(ed.) et al., The Fano conference. Papers of the conference, Torino, Italy, September 29-October 5, 2002.
Torino: Universita di Torino, Dipartimento di Matematica. 109-122 (2004), arXiv:alg-geom/9712034.

[3] A.Bertram, I. Ciocan-Fontanine, B. Kim: Gromov- Witten Invariants for Abelian and Nonabelian Quo-
tients, arXiv:math/0407254v1.

[4] I. Ciocan-Fontanine, B. Kim, C. Sabbah: The Abelian/Nonabelian Correspondence and Frobenius Man-
ifolds, arXiv:math/0610265v1. Invent. Math. 171 (2008), no. 2, 301-343.

[5] G.Ciolli: On the Quantum Cohomology of some Fano threefolds and a conjecture of Dubrovin,
arXiv:math/0403300.

[6] T.Coates, A.Corti, S. Galkin, V. Golyshev, A.Kasprzyk: Fano Varieties and Extremal Laurent Poly-
nomials, collaborative research blog (2010-2011), http://scim.ag/fano-v. See Elementary Mathematics,
Random Samples, Science, 25 February 2011, page 994.

5


http://arxiv.org/abs/math/0507430
http://arxiv.org/abs/alg-geom/9712034
http://arxiv.org/abs/math/0407254
http://arxiv.org/abs/math/0610265
http://arxiv.org/abs/math/0403300
http://scim.ag/fano-v

[7]

8]

[9]
[10]

T. Coates, A. Givental: Quantum Riemann-Roch, Lefschetz and Serre, arXiv:math/0110142. Annals of
Mathematics, 165 (2007), no. 1, pages 15-53.

S. Galkin, Small toric degenerations of smooth Fano 3-folds, Sbornik:Mathematics, to appear.
http://sergey.ipmu.jp/std.pdf

S. Galkin, Small mirrors for Fano threefolds, (2011) in preparation

A.B. Givental: A mirror theorem for toric complete intersections, arXiv:alg-geom /9701016. Kashiwara,
Masaki (ed.) et al., Topological field theory, primitive forms and related topics. Proceedings of the 38th
Taniguchi symposium, Kyoto, Japan, December 9-13, 1996 Boston, MA: Birkhauser. Prog. Math. 160,
141-175,

V. Golyshev, Classification problems and mirror duality, LMS Lecture Note, ed. N. Young, 338 (2007),
arXiv:math.AG/0510287.

V. A.Iskovskikh, Yu. G. Prokhorov: Fano varieties. Algebraic geometry, V, Encyclopaedia Math. Sci,
47, 1999.

B.H.Lian, S.-T.Yau, Mirror maps, modular relations and hypergeometric series I, arXiv:hep-
th/9507151.

S.Mori, S.Mukai: Classification of Fano 3-folds with by > 2, Manuscr. Math., 36:147-162 (1981).
Erratum 110: 407 (2003).

V. Przyjalkowski, On Landau—Ginzburg models for Fano varieties, Comm. Num. Th. Phys. 2007, 1 (4):
713-728, arXiv:0707 3758.


http://arxiv.org/abs/math/0110142
http://sergey.ipmu.jp/std.pdf
http://arxiv.org/abs/alg-geom/9701016
http://arxiv.org/abs/math.AG/0510287
http://arxiv.org/abs/hep-th/9507151
http://arxiv.org/abs/hep-th/9507151
http://arxiv.org/abs/0707.3758

	1. Laurent polynomials
	2. Fano varieties
	2.1. Introduction.
	2.2. G-series
	2.3. The threefolds.

	3. Toric degenerations and mirror symmetry
	References

